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Strong interaction Bernoulli potential refers to some of the potential types that are returned to the
Bernoulli Serie. The method presented in this study allows us to rewrite some
of the exponential potentials simply to even power levels in the Bernoulli series.
Given that the Hulthen potential is a modified form of main hadronic interaction
potentials, it is used to calculate the bound state mass and properties of hadronic
atoms such as m-atoms, k-atoms or various hadronic structures with

positive/negative and heavy/light quark bound states such as

D,*,B.*,B*,D*,D " at finite temperatures. The main goal of this research is
on the combined quantum operators and two intertwined spaces within the
Bernoulli expansion to determine the best approximation of upsilon meson
mass and thermal properties.

bound system of elementary particles under new
investigation. The study of bound states of two, three,
and more quarks exacerbations, in a classical limit and

1 Introduction

In recent years, theoretical physicists have become

increasingly interested in the study of the mass and
thermal properties of hadronic-bound states [1]. This is
because it is necessary to investigate fundamental and
experimental data and most efficiently, it is made
feasible by the radial part of the Schrddinger equation,
which provides the necessary details to characterize the
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a high-temperature environment within the infinite
temperature, is important for understanding the
behavior of exotic bound states of quarks near the
deconfinement temperature in high energy interacting
media and environments. The behavior of these states
near the deconfinement temperature is incalculable and
unclear, and various models present and estimate the



Jahanshir et al./Journal of Interfaces, Thin films, and Low dimensional systems 7 (1) Summer & Autumn (2022) 693-705

approximation mass spectra and eigenenergy values by
increasing, or decreasing with temperature increments.
In addition, the color screening radius (Deby mass,
Debye-Hickel length), below which binding becomes
impossible, plays a fundamental contribution in
determining the properties of these hadronic states at
finite temperatures [2]. In this research, we try to define
the interactions of the upsilon meson-bound state which

is like DS+, BC+, B* D*,D *+b0und systems. Potential
interaction of upsilon meson bound states which has to
comprise Coulomb and confining terms, is presented in
the form of Bernoulli series while the main fundamental
quantum particle behavior gives the harmonic oscillator
potential [3-5].

These internal-external potentials play a key role in the
upsilon meson coupled state, including the mixture of
needing properties, which have been extensively
discussed in the literature. It is worth noting that the
development of new potential models is crucial for
understanding the properties of hadronic bound states
and other quantum systems. It is indeed true that the
behavior of selective potentials in quantum field theory
and quantum mechanics has been very successful in
describing the meson-bound state data at finite
temperatures. However, to take into account the
relativistic effects, it is necessary to consider relativistic
mass and spin-dependent potentials in the Schrodinger
equation. The exact solubility of some potentials within
the Schrodinger equation is of great importance as it
allows analytical calculation of all spectra and energy
eigenvalue of radial and orbital excited states. While
some potentials can be solved exactly, others require
approximation or numerical methods. For instance, the
Bernoulli potential which consists of exponential-type
potentials, has been investigated here. Furthermore, we
have mentioned the quantum harmonic oscillator as a
main unique internal interaction, is an important
application and model when describing the bound state
hadronic particles. As we know, harmonic oscillator
eigenvalue problems can be solved analytically when
the exact solution of a problem cannot be found, it is
appreciable to use approximation methods such as
perturbation theory. The perturbation theory approach
has been adopted in several ways to calculate and
determine the energy eigenvalues of the ground and
excites states of coupled particles. By using a harmonic
oscillator method and boundary conditions of the bound
state, the quano-mechanical properties of the bound
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state such as mass and thermal characteristics can be
solved. Therefore, these perturbed harmonic oscillators
may be calculated using computational and analytical
methods with theoretical contributions. In this article,
we use the two intertwined spaces based on the Wick
ordering method among other approaches, which has
significant  contributions to and
developing mathematical techniques for finding the
eigenvalues and eigenfunctions of quantum systems
with harmonic oscillator main potential and external
potential in recent years. As we know the Wick ordering
method is a useful analytical method for solving and
approximating the radial Schrddinger equation in
quantum mechanics. It is based on the idea of separating
the potential into a real part and an imaginary part,
which is then treated separately. The real part of the
potential can be solved exactly, while the imaginary part
can be treated as a perturbation to the real part. This
method has been successfully applied to study hadronic-
bound systems in various conditions, including the
upsilon meson-bound state in this research. Also, in the
analysis of the characteristic of the bound states, a
transformation from one space to another space is
considered to obtain the answer. These intertwined

approximating

spaces based on the Wick ordering method are a useful
analytical method for solving and approximating the
radial Schrdédinger and it has been
successfully applied to study hadronic bound systems in
various conditions. In particular, this method can be
used to analytically resolve the multidimensional n-

equation,

dimensional radial part of the Schrédinger equation for
the real part of the potential, and study upsilon meson
bound state or quarkoniums dissociation in different
states and different media such as finite temperature
environment. The two intertwined spaces based on the
Wick ordering method in the presence effect of external
electric and magnetic fields have also been applied to
solve the radial Schrodinger equation. The purpose of
this research is to use the perturbation and approximate
solution method to calculate the zero-energy correction
and obtain the generalized energy eigenvalues for the
quantum harmonic oscillator with Bernoulli potential. It
explores the radial Schrodinger equation at exact
applying implementing  the
transformation and intertwined two spaces method for
potential part. We provide analytical expressions for the
energy eigenvalues and mass spectrum. The obtained
results upsilon meson agree with current
experimental data for different quantum numbers [6,7].

temperature and

for
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The numerical analysis indicates a distinct behavior for
different quantum numbers concerning temperature
dependence. Our temperature-dependent results for the
ground states are determined at temperatures T =
30,70,90 (MeV).

The remainder of this research is laid out in the
following manner: Section 2, introduces the Bernoulli
generating function and Bernoulli potential. Section 3,
introduces the Sturmian representation where two
intertwined spaces are presented. In Section 4, the Wick
ordering method is described. In Section 5, the mass
spectrum of upsilon meson, with relativistic corrections
at finite temperature is defined. In section 6, the
numerical calculation is shown. Finally, in Section 7,
concluding remarks are provided.

2 The Bernoulli generating function

The basis of the mathematical concept of Bernoulli
potential under the Bernoulli numbers in 1755 by
Leonhard Euler was established. Euler, based on the

concept of a generating function described the Bernoulli
T
er—1

numbers as a coefficient of the function B(r) =

Bt . .
2o ; [8,9]. If we suppose two series, first or main:

f(r) = X2, a;r" with coefficient {a;} and the second
series: g(r) = 220 b; :—!L, with the coefficient {b;}.
Then the exponential functions: can be generated by the
coefficient i!{a;} = {n!a;}. The function that is the
main generating function f(r) is the exponential
generating function of g(x). Therefore, the function
B(r) =

er—1
can be calculated by the i’s order derivatives

based on the Maclaurin series expansion

oo

r 1di(r?)
BO) =gmi= ) G gt
i=0
r? r3 r*
:B0+le+32§++B3§+B4Z+
s 1 +1x2+( 1>x4
- ( z)x (6)2! 30 ) 41

6

YO

The coefficient of this series presents the Bernoulli
numbers and equivalents to

By=1B,=-1/2B;=0,B, = —1/30, Bs = 0,

Bg=1/4, B, =0,Bg=—-1/30, -~ and all the
Bernoulli numbers have properties:

1- B; is a rational number.

2- B,;has alternates sign of i > 1 then  B,; < 0 and
Byit2 > 0.

3- Byj1q =0, foralli > 1.

4- |B,;| increases very quickly.

5+ cot (r) = EiZe(~1) I —

6- All the odd Bernoulli numbers are zero except Bj.

Each exponential potential that is transforming to the

for |r| < m.

Bernoulli series can be used to describe bound state
interactions by greater orders of r. As it is known, odd
powers greater than one are zero, and in this way, the
approximation with the Bernoulli series with even
degrees will be determined. This subject is very
significant for approximation in interaction potentials
and calculation of eigenvalues and mass spectrum in
Schrodinger's equation, which is discussed in this
article.

3 Sturmian representation for two
intertwined spaces

We present an expansion for the coupled-body
Schrodinger problem. It can describe the bound state
properties of particles based on the Sturmian
representation. As we know, a specific set of
eigenfunctions of the radial Schrodinger equation,
known as the Sturmian function, have proven to be a
valuable tool in addressing certain coupled body
problems related to the radial Schrédinger wave
functions.

The Sturmian function S,,; (r):

h? d? N I(l + 1)h?
2udr? 2ur?
+anlU — EO

Su()=0. (2

is the solution of the radial part of the Schrodinger
equation [10]. These functions have a notable benefit
over Schrodinger functions when used as a basis for
expansion, since they create a complete set that is not
continuous, regardless of the potential between
particles. When choosing a different expansion basis of
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intertwined spaces for the coupled-body state, three key
conditions must be satisfied. Firstly, the series must
approach convergence at a reasonable rate. Secondly,
the continuum and its inherent complexity must be
avoided to justify the use of the new series over a usual
eigenvector and eigenfunction series. Lastly, the
boundary constraints set and restrictions imposed by the
new functions must be elementary and uncomplicated.
For instance, quantum harmonic oscillator wave
functions satisfy the second condition and requirement,
but at the expense of losing and overburdening the
simplicity of their asymptotic behavior of boundary
conditions, which makes synthesizing an outgoing
spherical symmetric wave difficult. However, we have
discovered a set of functions that satisfies the second
and third requirements. Rosner, Quigg, and Gazeau
were dealing with the same topic. They have drawn
attention to the fact that the origin of the Sturmian
representation and changing the independent coordinate
can describe coupled-body problems related to the
radial Schrodinger equation. The mechanism of
transforming the independent parameter has long been
a useful strategy to solve the radial Schrodinger
equation with different type potentials like U(r) =
Y. r% power-law potential especially with the bound
state interaction in a central potential. The power-law
potential with a variable exponent is a flexible resource
that can be utilized to analyze the actions of systems
where particles interact with one another, and its
usefulness extends to various areas and branches of
physics, including condensed matter physics,
astrophysics, and fundamental particle physics. Here
are some specific examples of its applications. This type
of potential has been used to study the behavior of
quarks and gluons in the quark-gluon plasma, and
hadronic strong interaction which is a state of matter
that existed in the early universe and can be recreated in
particle accelerators. In this article, the study of
coupled-body involves the use of the Bernoulli
potential, and this revision clarifies that the Bernoulli
potential was useful in the study of coupled-body
upsilon meson. Based on Section 1, the subject of the
paper is referred to as the Bernoulli potential which is a
power-law potential with a variable exponent (a > 1).
The bound state issues can be naturally explained using
the origin of the Sturmian representation and the
equivalence transformed space for coupled-body. We
have investigated this concept further within the
framework of exponential Bernoulli potentials, which
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can be generalized to potentials with multiple powers of
T, as
r? r3 r#
Ug(r) = B, +B1T+Bza+ B3§+B4I
+ - 3)
In cases where exact solutions for exponents Y, r% are
not available, a more general equivalence emerges as a

change of variable in the wave function

R ~e M x e 1+ = (cq)f, B=2p

=2(1J+0),azo, 4)

which can map the nonrelativistic radial Schrodinger

= e

equation and its solutions for V(r) = Y r% potential
types. Parameter c is constant. For different values of ,
the coupled system has to create bound states, with
boundary conditions on the wave functions being linked
by this transformation. If we focus on long distances
limit and using analytical methods, we can typically
determine the asymptotic properties and long-term
behavior of the wave function

R (r((cq)ﬁ)) ~ o—a(r(ca?)) L e-(cq)Z(H%), )

for r = oo, where a(r) can be obtained for certain
classes of potentials. For the large distances potentials
such as Coulomb or Yukawa-type potentials (a < 0),
o = 0, for external harmonic potential (a = 2), 0 = 0,
anharmonic potential (¢ > 2), 1 < ¢ < 2 and Cornell
potential ¢ = 1. From the previous references to
physics, we have realized that the concepts of harmonic
oscillators hold significant relevance across various
areas of physics, with the former being a crucial tool for
modeling physical systems. The harmonic oscillator
analogy is extensively employed in attempts to solve
quantum mechanical problems, as many physical
scenarios can be mapped onto a harmonic oscillator
with appropriate boundary conditions. This stems from
the fact that the harmonic oscillator eigenvalue problem
has an analytic solution, thus allowing more accurate
results and better approximation for solutions. We note
that one has studied and analyzed potentials with an
adjustable number of power factors of Y, r%, and has
used a variable change to interpret the Sturmian
equation and two intertwined spaces in the context of
conventional physical radial Schrédinger equations. We
also mention that the bound states with a based-on
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quantum harmonic oscillator behavior (principal
harmonic potential) can be tackled using algebraic
methods, such as the Wick ordering method. In the
following paragraphs, our examination begins with the
radial Schrodinger equation that applies to space with
N-dimensions.

4 Radial Schrodinger equation in two
intertwined spaces based on Wick
ordering

In this study, theoretically and approximately, the

bound state system solution and eigenvalues
answered by the n-dimension radial Schrodinger
equation in two intertwined spaces based on Wick
ordering has been described. For this opinion, the
two intertwined spaces based on the Wick ordering
method are used. We have to predict the relativistic
mass spectrum using the mechanism of intertwined
spaces based on normal order (when all raising
operators are to the left of all lowering operators)
that is described in this paragraph and the quantum
field theory method that will be presented in the
next paragraph. Our start point is the radial
Schrodinger equation in n-dimension space which
describes the interaction of two particles with the
masses m;, m; in the potential U;;(r) that lead us
to create the stable bound state:

h? d oy @
_—_r —
2m; dr dr

+ hz 1-n d n—-1 d
ijr drr dr

R2e(f+n—2) h*e(f+n—2
L ) I )

2m;r? 2myr? + Uy(r)
— —E(mym; )) R(r) =0, (6)
then
h2A+h2€(€+n—2) WUE | R
o o (U.E) )R

= 0. (7)

Equation (7), based on the Laplacian operator
1-n
effect functions R(r) and <rTR(r)) in n-

dimension space [11]
_d®> n—-1d £ +n-2)
"~ dr? r dr r2 ’

AR(r)=A (rl_TnR (r)). (8)

A

One can present Eq. (7) as follows
L(L+1 W (U.E
LD, WU
r r

i

=0, €)

i-n 1 1 1 .
where R(r) =12 R(r), ;—E+E and p is the

reduced mass, ¢ is the angular momentum quantum
number, L is a parameter that can be as a new auxiliary
space i.e., we define the radial Schrodinger equation in
the new L-dimension space which is linked to the n-

dimension space L = 2“:_3, and L(L+1)=

402 4+40(n—2)+n%—4n+3
4
Eq. (5), by changing [11, 12]

. As we introduced in paragraph 2,

r = (cq)*?,R() - R((cq)*), (10)

this means that always maps r = 0 into ¢ = 0 and maps
r = oo into g = oo, and c-is recalling constant. Based
on two intertwined spaces is transformed by relations

(1 - P =+ 611"’d—2
(pcP)? dq dq?
Hence, the radial Laplacian in an n-dimensional

Riemannian space is

y d? +n—1d
=— s
Todr? r dr
d> D-1d
A -~

a2 T dg
and then Eq. (8) reads
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> 1-2p+np d £ +n-2)p?
dq? q dq q*

+ 4PZC4”q4”_2W((CQ)2p))‘R((CQ)Z’))

=0, (11)

D =2 — 4p + 2np and then we supposed c is a real and
positive number in this article and equivalent to 1. After
some calculations like Eq. (8) with new axillary D-

1-D
dimension space R((q)?P) - q z @, we define

Lp(Lp+1) —¢(f+n— 2)p2¢

¢II 2
q
+4p?q*W(()*)® =0
where
_4p+D -3
D — 2 )
Lp(Lp +1)
_ 161[’2p2 + 16{,”,02(71 -2)+ (D - 2)2 — 1.
B 4

5 Coupled-state in QFT

The total energy and mass of bound states can be
effectively determined within nonrelativistic quantum
mechanics when an appropriate interaction potential is
selected. Despite this, the nonrelativistic radial
Schrodinger equation HR(r) = E,,(W)R(r) which
provides and employs mathematical techniques for
accurate description of bound states is no longer
sufficient for interpreting contemporary experimental
results from hadronic physics, as relativistic corrections
must be considered. Despite this, the nonrelativistic
Schrodinger equation remains a dependable instrument
for investigating bound state energy and its mass. In
these instances, actual relativity-based revisions are
minimal, and the theoretical challenge is reduced to
obtaining  relativity-based for the
nonrelativistic interaction potential based on Feynman's
functional path integral and within quantum field theory
and quantum electrodynamic ideas [13, 14]. In this
article, we try to describe the inter-hadronic potential
with  relativity-based through  the
nonrelativistic limit. This method studies primarily

revisions

revisions
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focused on relativistic corrections within perturbation
theory for the interaction potential. It is well known that
calculating the total binding energy and wave functions
of bound states consisting of multiple particles from the
relativistic Schrodinger equation is nearly impossible
from a mathematical standpoint. Hence, we define
incorporating FEinsteinian adjustments into the
determination of relativistic bound state properties
using Feynman's functional path integral and quantum
field theory formalism. As we know, the bound state
mass with the required quantum numbers of the
respective currents is determined by the asymptotic
behavior and limiting properties of the correlation
function [15]. The correlation function, described in
terms of the Green function and is represented as a
functional Feynman path integral in nonrelativistic
quantum mechanics, which enables the necessary
asymptotic behavior of wave function at large distances,
and accurately performs the averaging and integrating
over the external field. In this case, the mass spectrum
of coupled state in the radial Schrodinger equation is the
constituent mass which differs from the mass of the
initial state of the coupled system, and also the resulting
exchange of the gauge field is determined by the
Feynman diagram that we know as interaction potential.
Therefore, as a result, the constituent mass of the
particles can explain and present the relativistic
corrections to the total Hamiltonian. Therefore, we start
with the issue of the flow of charged particles in the
arbitrary background field Fg(r) with Ug(r)the
Bernoulli potential type and present Green's function
G, (r,1’|Fg) of filed. In quantum field theory, Green's
function (also known as a propagator) is a mathematical
tool used to describe the behavior of particles or fields
in terms of correlations between different points (r —
r’) in spacetime. Green's function helps us to
understand how a disturbance in one part of the system
propagates through spacetime to affect other parts of the
system. In quantum mechanics and quantum field
theory Green's function G, (r, 7’| Fg) is a solution to the
Schrodinger equations for a given field, subject to
specific boundary conditions [16]

[(i0, + gF5(r)” + m2]Gyy (r|Fp)
=6(r—71). (12)

Here, r and r” are spacetime points and g is a coupling
constant. As we know Green's functions are typically
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used to compute the correlation functions, which are the
basic building blocks for calculating scattering
amplitudes, cross-sections, and interaction properties in
particle physics. Computing Green's functions for
specific fields and interactions is a crucial step in
understanding the behavior of particles and fields in
quantum field theory and in making predictions for
high-energy physics experiments. Therefore, we
present the behavior of particles in the external field
based on the current and Green's function. The current
of a scalar charged particle is J(r) = R*(r)R™(r),
and then

Fp)V ¢ (1), (13)

J(r) = —(—i)ej d3r G, (rr”

where e is the charge of particles and ¢(r) is a scalar
Gaussian potential field. The scalar product current of
two scalar charged particles is

J@J)) = (R*(MR™(r) - R*()R™ (), (14)

is equivalent to (G, (T|Fp) G, (r'|Fg)),
where

Gy, (72133 77077)

= (0|To(r)e (e D (')|0), (15)
is the propagator or kernel function of a scalar-charged
particle with mass m; in the arbitrary external field, T is
the time-ordered product of operators. The Green's
function in the conventional form can determine the
correlators by averaging over the arbitrary external field
Fg(r) and determine the loop function (polarization
function) as follows

N —r) =JmJe))

= G, (r|F) G (r'|Fp)).  (16)
Hence, the polarization function of two scalar particles
with masses m;, m; reads

O —717) = (G, (r,7"|F5) - ij(r,r'

Fg))

d3
_ —ZiZIﬁGmi(r,r'lFB) G, (7| Fp). (17)

Now, one can formulate a variational method that will
be used in determination of the Green's function and the

polarization function based on Feynman's functional
path integral form and define them as follows [13,16];
one can propose the functional integral

G(r,r’|Fg) =fdae‘9u[‘p],

where

do = %6(pe{—0.5ffdrdr'(p(r)G_l(r,r')go(r’)}’ (18)

where 8¢ is the functional differential. N is the
normalization scaling coefficient which can be defined
from the normalization condition [do = 1, G~ is the
differential operator. G (r,r’|Fg) is the Green’s function
and define by

fdr'G‘l(r,r')G Fr)=6r—-r)
and then

G(r,r

Fg) = %5(pe{—0-5fdr(q)(r))z—gU[q)]]_ (19)

With the condition G(0) = 1 we can define N as a
constant parameter. After some algebraic representation
with the variational parameters q,s the functional
integral G (r,r’|Fg) is presented in the following way

G(r,r’|Fg) = etM@)}, (20)
We know, the coupled system’s mass spectrum should
explain in relativistic quantum theory as relations M =
—lim, o |7 |Inll (), where () =
(G, ()G, (r)N[12], so the upper estimation for M(g)
is M(g) <M (9):

M. (g)

. qn
— min{—05 z [l 144q,)— ]
mmg 4 n( qn) T+a,

— O.SZSZ - f daU[e, s]}. (20)

Based on M(g) one can define that the quadratic form

of functional M(g) gives us exact and complete results.
Now the Green's function in the 4D space reads
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Gy, (r,r’|Fg) = { um? = (r - }

o (dmp)?
az (©)
fdae L 0 N

and,
Z(§) = (r—1)§ +1" —2,[uB(§),
dog = N5B(E)e{_0'5f<)1 ds (B($) 2]'

Where N is the normalization condition where [ do; =
1 with boundary conditions B(0) = B(1) = 0. Using
the above presentation of functional G (r,r’|Fg) for the

Green's function and the polarization function we define
[12]

Gm (rarllFB) =

[o'e] ( — /)2
_ du e{—umz— r4; }_e—M+((T_r/)'”), (23)
o (A4mp)?
M ! — 4+ 2 +A
FT deolaE T 0T 2
+g€f duf(k)}' 24)
0
where
4
k) =fe—ﬂf — E(kz) [1
{”;T;'# sz(l—e_%}]
and
® dpdp;
I1 T—T, :ff 0 Elad}
|T' T| ( l+#l> <m_f+#>]
X e[ 2 [\m Hp ’ (25)
where
2 (piy)
= ciijJSMi SMje{‘f:dTZiﬂO'S“kFBZ_U”}. (26)
Uijj = —Uy + 20U = Uj;, @7

We reduce 4D space of the functional .Q(,ui,u j) to the

3D space (i.e., we neglect the time component) due to
calculate integrals before describing the functional
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Q(ui,y j) as resembling the behavior of two particles
with masses p;, u; in the nonrelativistic quantum
mechanics and with the potential and nonpotential
interaction that includes in U;; in the form of the
Feynman path integral. Hence, based on the above
presentation of the propagator (the Green’s function) at
the limited distant |r — 7’| = 0 we can determine the
coupled state total mass M, of two bounded particles
with the rest masses m;, m; as follows

= (G (r,7"|Fp))

const ,
el=Myr—r'}
’ )

(28)

where

M, mm{ +20+2+g¢ ) d,uf(k)} (29)

which depends on the coupling constant and correlation
0.5

4 ~
dk) D(kz)) for the weak

function. M, = g°° (f (E

interaction g < 1 and the strong interaction
satisfy the relation

g>1

M,
0.25

— (1.0229)°25 (f (%)413(18) k2> ,(30)

and also, the functional Q(ui,u j) which contains
potential and nonpotential interactions at the asymptotic
behavior |r —r’| = 0 is equivalent to the relation

'Q(H'L’H']) e{ |r— rlEn{’(ﬂl H’])} (31)

where the function E,,, (,ui,u ]-) directly depends on y;,
Uj, my, m;, g and itis an eigenvalue of the Schrodinger
equation HR(r — 1) = Epp(ui,ptj)R(r —77) of two
bounded particles with the Hamiltonian: H = ziulplz +

—p2+UU(|r 7’|). Parameters m;, m; are the

current masses of interacting particles, u;, ; are the
constituent masses of interacting particles i.e., the mass
of particles inside the coupled state.

Now considering the above equations and relations, we
define the polarization function for two bounded
particles, at the asymptotic limit |r —7'| = 0:II(r —
r) = el"M+I"=T1} " therefore the bound state mass
spectrum is defined as
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M+:_

Inll(r —r). (32)

im
|r=r|—0 |7‘ — r'|
The mass of bound state determined analogs for the
propagator function in Feynman's functional path
integral form based on the method of exponential
asymptotic or the method of steepest descent looks like

M,

d (ujmiz +ums

= + 0.5 +
Uy j 2pip ) (s + 1)

+ Enp(pinnj) | =

min

2 2
uym; + pym;
Mol

+0.5(p + i
2pip ) (s + 1)

+ Epo(pioty) |- (33)
Therefore, we can define
W+ 20 B ) i =0, (39
i+ 2u3 aiﬂjEn{’(Hi’ﬂj) —-m} =0, (35)

From section 2, we can define the Green’s function of
two intertwined transformed spaces as follows

2 L(L+1)
dr? r2

+ W) G(r—r)

2p .
ﬁé‘(r -1,

<d2 Lp(Lp+ 1)

e +W>G(q—q’)

2q ,
=F6(q - q).

Now we present the radial Schrédinger equation with

(36)

relativistic energy formula based on the quantum field
theory description in Eq. (33) and use approximation
relation (c = A= 1)

4

1 24+m3
E = (p?> + md)'/? = Enlllln (,ui + P 0) .(37)
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Therefore, HR = E,,,R the radial Schrodinger equation
for bounded particles with rest masses m;,m; and the

constituent masses ;,(; reads [12]

1 Z4m?\ 1 24m?
H’“erﬂ l>+_(’”+p# j)+U

2 ; 2 ;
- —M] R(r) =0, (38)
or
2
p Hi t U;
—+uU|R=|M-"—H
i U
2 2
_M] R, (39)
20
where
p+ oy mip+miy
Eno(uip) = M — = , (40
Tl{’(“‘l’“‘]) 2 Z.Uilij ( )
L1 + ! (41)
boouuy

p is reduced mass, y;, 4; present the mass of particles

in the bound state, in other words, it is a relativistic mass
of particle

(42)

m; is the rest mass and using equations (34) and (35),
we can define the constituent mass of a particle as
follows

d
pi = |mf— Zﬂza—Ene(Hi,Hj)- (43)
Hi

6 Mass spectrum of upsilon meson

The radial Schrodinger equation (Eq. (39)) of the
upsilon meson system with the Bernoulli interaction’s

. . e—mDr
potential type built on (UH(‘r‘) =—-A 1-e—mDT)

Hulthen potential reads

2
{g—u + Up(r) — Ent’(“)} R(r) =0, (44)
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where my, is the Debye mass and E, (1) = Epp (,ui,,uj)

and Hulthen potential based on Eq. (3) has the form
Ae~mp" A

Un(r) = = 1—e ™  eMmpr(] —e~MpT)
_ A
T oemor —1
A T
“remr—1- p/5)

where fz(x) is Bernoulli series fz(x) = By + B; % +
2 4 6

B,~ 4+ B,= + By~ + ---. Hence, we define Hulthen's
2! 4! 6!

potential up to the fourth order by the Bernoulli series

A A1 Amyp _I_Am,3J 3 45
=2 T myr 231 T304 @)

Then Eq. (44) using two intertwined spaces
transformation (Eq. (10)) # = §%°, R(r) - R(G*)

takes the form
A 2

p ~dp—
co(Bar) = {4 49707 (U~ B 0) |

= 0. (46)

The upsilon meson bound state wave function becomes
an oscillator. Now, we will analytically calculate the
mass spectrum and energy eigenvalue of Eq. (46) using
the quantum oscillating properties condition of the
bound state with the Hamiltonian H = Hy + H;, where
H, is the Hamiltonian of free oscillators and H; is the
Hamiltonian of interactions (or it is directly related to
the perturbation of the system). The bound state of the
quantum oscillating system can be presented by the
Wick ordering method in the Symplectic Space
(WOSS). It is formulating the canonical variables in
terms of raising @* and lowering @ operators in the D-
dimension space i.e.,

L me]”z 4a
q - h a a )l
A . mw 1/2 ~ ~
po=il5| @ -a) (47)

where w is the oscillator frequency. Substituting the
canonical variables q,p, into the equation (46) and
ordering by the creation and annihilation operators, the
interaction Hamiltonian is obtained as follows [12]

D k\? _ -2
H = w(d+d)+—w+f(—n) W (ke Tw
. w? D
tetkd, — — (G2 +—).
€ 2 (q +2w) (48)

As we know WOSS method requires that the H; would
not contain the quadratic form of the normal ordering of
operators : §2:, 2., these terms are included in the H,.
Based on this condition one can determine w by relation

ar\D kz\ =K o .
w?+ [ (—) (;) e+ W(k?)=0. The canonical

21
variables in Eq. (46) using Eq. (47) read
I+ u) I +u)
P&t = w* — 5 +: P w”‘lu—D
ré ré+1
r (2 + u)
w" 27
D )
r(z)
| rG+w v TG +w
A2u — 2 A2, 2 +:X
— 5 — 5 :
Y re AR
D
1 G +w
F(7
and then Eq. (46) reads
_ Dw 2 Adp—2 A A 1
€0 (Ene) =— t4p°q 2 mp e
_Amyp Am} ~6p
230 T T304
- nf’(#)) R=0. (49)

Using a series of mathematical transformations and
relations, we determine w, E,,(1), M and the mass
parameters i, i;, (tj by applying the main condition of
the WOSS method in the creation of a bound state at the
minimum of oscillator frequency and energy

eigenvalue. Therefore, deo(Ene) _ 0 and deo(Ene) _ 0.
ap dw

The former enables to define p = 1, while the latter
enables determining w as follows

8ua
> —%w“ + 2uc(D + 2)w? —

=0, (50)

obug
D
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where
A A Amy, Am}
a=—, b=—, c= , = ,
mp 2 12 30.4!
DMD+2)D+4)D+6)
g=f 2 )
64uA

Wmin = 15Dmy’ (51)

The energy eigenvalue is defined by integrating the two

equations &y (E;,,) = 0 and % = 0, soitreads
w? 2aw gw 3 cD+2)ow7?!
E =—— -
+b. (52)

Equation (43) determines the constituent mass
parameters ;, 4; using. We should have to find the

reduced mass value, one can determine it using relation
(43)

' ! + ! (53)
X 1+ B2y? \/y2+ﬁ2)(2'

, 2
where y = % B = (f:—g) . Thus, the mass spectrum of

the upsilon meson coupled state is determined and Eq.
(53) gives the relativistic mass of particles based on
transformed nonrelativistic Schrédinger equation to the
relativistic form using properties of quantum filed
theory representation in the path integral form.

7 Numerical and theoretical data

In the previous section, we computed the mass
spectrum of upsilon meson for the ground state and
radially excited states in the Bernoulli potential based
on the Hulthen potential. In the next calculation, we
suppose the bound state creation depends on finite
temperature and is introduced in the equations via Deby
mass. The Deby mass parameter of potential is fitted to
experimental data from extracted from reference [17].
Then solving Eqgs. (50),(52), and (53), which are
obtained from the WOSS method, we utilize the
numerical values of the upsilon meson bound state,
which has the quark’s rest mass m; =m; =
4.823 GeV[17]. We determine the finite temperature
effect using well known relation mp, = 14.652a4(T)T.
In the numerical calculations ag(T) = 2m/(11 —

%)log(0.057T), Ny = 3. We take the temperature
range (30 < T < 150)MeV, and choose the criminal
ge (

temperature T, = (170 £ 16)MeV [18, 19].

Table 1. Mass spectrum and constituent mass of upsilon meson in
atmp = 1.520GeV, m; =4.823 GeV, A = —1.591GeV. (all values

are in (GeV')).

? 0 1 2
w 0.986 1.544 1.933
1 2.566 2.447 2.427
1 4.848. 4.884 4918
M 9.469 10.003 10.233
Mexp [17] 9.460 9.899 10.164
Mio0r[22] 9.459 9.618 10.256
Myoor [22] | 9.460 9.619 9.864
Mooy [20] | 9.477 9.900 9.862
Meoor [21] | 9510 10.155 10.214

The upsilon meson mass spectrum M and relativistic
mass of quarks y;= y; in the ground and excited states
and bound state frequency are computed numerically in
Table 1. Then the upsilon meson ground state
probability density at finite temperatures with the
relativistic mass corrections, in the zero-point energy
state are presented in Fig. 1.

— T=30MeV
|W]*(GeV)?
17 1

w4 e T=70MeV
15

T T T T T y T T
0.0 15 3.0 4.5 6.0 7.5 9.0 10.5 120

r (fm)

Figure 1. The upsilon meson ground state probability density at the
finite temperatures (T = (30, 70,90)MeV.
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8 Conclusions

In this study, we utilized Bernoulli's potential to
calculate the upsilon meson-bound state. We used the
transformation of two Symplectic intertwined spaces
and defined all operators in the form of the Wick
ordering method. Then based on QFT and the Feynman
path integral properties of the system, the

approximation form of /p?+m§= %min (ui +
Hi

p2+mi)\ . . . .

—) is obtained. The approximate solutions to the
quantized energy values and the constituent mass of
quarks in the bound states by modifying the radial
Schrodinger equation are defined. These results can be
employed to compute the masses of heavy and light

mesons, all hadronic bound states including

DS+, Bc+, B, D*,D - in the ground and excited states.
We described the upsilon-bound state properties taking
into account relativistic conditions and the Debye mass
in the finite temperatures with the strong interaction.
We applied the WOSS method to obtain an analytical
solution for the radial Schrodinger equation. The
calculated masses are found to be in good agreement
with experimental data as well as with the work of other
researchers. As we showed, this simple nonrelativistic
potential model is useful for approximating the
properties and characteristics of bound states within a
thermal environment and at finite temperature. Other
potential models, such as the Bernoulli type employed
in this paper, can still be analyzed and compared. In this
study, we have already solved the radial Schrodinger
equation, with the relativistic corrections which is a
crucial step in the correlator calculation based on QFT.
The systematic approach employed in this paper stands
as one of the most specific works in this field and has
the potential to be significant in many branches of
physics, particularly in hadronic, nuclear, and atomic
physics. The main and important points of this article
are 1- Obtaining the approximate form of the potential
with high-order exponents and removing even or odd
exponents according to Bernoulli expansion. 2-
Obtaining the relation of relativistic energy and its
approximation the Schrodinger equation
considering the introduction of the relativistic mass of
particles that is not present in the Schrédinger equation.

for

3- Simplifying the approximate investigation of particle
interactions at high temperatures.
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