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The time delay between magnetic coil signals in a tokamak is believed to lead to 
inaccuracy in the measurement of the plasma physical parameters in the tokamak. In this 
research, we calculated the time delay between the signals of magnetic coils used in IR-
T1 tokamak and investigated its effect on the measurement of the plasma horizontal 
displacement. The time delay between the signals of the magnetic coils was calculated 
utilizing time series analysis, and the horizontal displacement of the plasma was measured 
using the multipole moments method. The experimental results showed that by 
eliminating the time delay from the coil signals, the measurement of plasma horizontal 
displacement in IR-T1 tokamak was optimized. 

1 Introduction 
 

 The position of plasma in tokamak was determined 
considering certain factors, such as plasma density, 
current density, soft  x-ray, plasma pressure, and the 
tangential and normal components of the magnetic field 
that were induced by the plasma current. Measuring 
magnetic fields and also radiations caused by plasma 
current would give information regarding the plasma 
position in the tokamak. Plasma displacement 
measurement methods could be classified in to two 
general categories as magnetic and non-magnetic 
methods. In the non-magnetic method, certain 
diagnostics tools, such as Bolometer, Soft x-ray, and 

Longmuir Probes could be used [1]. In the magnetic 
method, plasma displacement could be measured with 
magnetic coils at several points (Mirnov method) [2] or 
along a closed contour (the multipole-moment method) 
around the plasma column [3, 4]. 

 Spectral analysis of a time series (periodogram) and 
two-time series (coherence spectra) has proven to be a 
powerful technique for analyzing nonstationary plasma 
fluctuation data. Many of these analyses are based on 
Fourier techniques in which fluctuations can be 
expressed as a superposition of sinusoidal functions [5]. 

 Tokamaks are electromagnetic systems composed of 
components, such as transformers, power supplies, 
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windings, eddy currents, and toroidal and poloidal 
magnetic fields induced by plasma current. Therefore, 
the time delay between the signals of tokamak magnetic 
coils is inevitable. Thus, the existence of this time delay 
between the coil data could impair the accuracy of the 
measured plasma parameters in the tokamak. Measuring 
and remediation of time-delay effects in tokamaks have 
always been of interest to researchers [6, 7]. 

 Several studies have been conducted to measure the 
plasma position using magnetic coil signals in IR-T1 
tokamak [8, 9]. In this paper, we have calculated the 
time delay between the magnetic coil signals of IR-T1 
tokamak and investigated its effect on the measurement 
of the plasma horizontal displacement. Time-series 
analysis have been used for measuring the time delay 
between coil signals [10]. 

 This paper is arranged as follows: In Section 2, the 
details of the time series analysis theory are presented. 
In Section 3, the experimental setup for detecting 
plasma components is described. In Section 4, the time 
delay between the signals of the IR-T1 tokamak coils is 
calculated using the cross-spectral analysis. Section 5 
discusses the details of the multipole moments method 
to measure the plasma horizontal displacement. In 
Section 6, the effect of time delay between the magnetic 
coils signals on the measurement of plasma horizontal 
displacement in IR-T1 tokamak is investigated and the 
results are reported. The conclusions are provided in 
Section 7. 

2 Time series analysis 

2.1 Periodogram 

 A time series is known as a set of statistical data 
collected at regular time intervals. Time series analysis 
comprises methods for analyzing time-series data in 
order to extract meaningful statistics and other 
characteristics of the data. One of these methods is 

cross-spectral analysis. The cross-spectral analysis is 
an extension of single spectrum analysis to the 
simultaneous analysis of two time series and it aims 
to unfold the correlations between two time series 
at different frequencies. The spectrum, as the main 

feature of a given time series in the Fourier domain, is 
estimated with a periodogram, which is a powerful 
technique for studying the hidden periodicities in time 
series [11, 10]. 

 Suppose that {z୲}୲ୀଵ
୬  is a time series and 𝑧௧ is a random 

variable. Fourier representation of z୲ is defined as 

𝑧௧ = ෍ (𝑎௞

[௡ ଶ⁄ ]

௞ୀ଴

cos𝜔௞𝑡 + 𝑏௞sin𝜔௞𝑡),                    (1) 

                                                

where 𝜔௞ = 2𝜋𝑘 𝑛 (𝑟𝑎𝑑
𝑠ൗ⁄ ), 𝑘 = 0, ⋯ , ቂ

௡

ଶ
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the  Fourier frequencies, and 
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⎩
⎪
⎨

⎪
⎧1

𝑛
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௡
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are Fourier coefficients. The quantity 𝐼(𝜔௞) defined by 

𝐼(𝜔௞)

= ෍ 𝑧௧
ଶ
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⎪
⎧

𝑛𝑎଴
ଶ,                𝑘 = 0,                             

𝑛

2
(𝑎௞

ଶ + 𝑏௞
ଶ),   𝑘 = 1, … , ⌈(𝑛 − 1) 2⁄ ⌉,

   𝑛𝑎௡
ଶ

ଶ ,                 𝑘 =
𝑛

2
  when n is eve𝑛,

                        

   (2) 

                    
which is called the periodogram [11]. The periodogram 
values can be interpreted in terms of variance (sums of 
squares) of the signals at a respective frequency or 
period, which provides an estimation of spectrum 
function. In statistical signal processing, the 
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periodogram is a powerful technique to detect the 
hidden periodicities in time series.  

2.2 The cross-covariance function  

The cross-covariance function is a useful measurement 
of the strength and direction of correlation between two 
time series. Given two stochastic processes 𝑥௧ and 𝑦௧ 
for 𝑡 = 𝑜, ±1, ±2, . . ., we found that 𝑥௧ and 𝑦௧ were 
jointly stationary if 𝑥௧ and 𝑦௧ were both univariate 
stationary processes while the cross-covariance 
function between 𝑥௧ and 𝑦௧ were a function of the time 
difference k only. In such cases, we have the following 
cross-covariance function between 𝑥௧ and 𝑦௧ [11]: 

𝛾௫,௬(𝑘) = 𝐸ൣ(𝑥௧ − 𝜇௫)൫𝑦௧ା௞ − 𝜇௬൯൧,                  (3) 

                    
for 𝑘 = 0, ±1, ±2, …, where 𝜇௫ = 𝐸(𝑥௧) and  𝜇௬ =

𝐸(𝑦௧) are means of  𝑥௧ and 𝑦௧. The Fourier transform of 
Eq. (4) is defined as 

𝑓௫௬(𝜔) = 

1

2𝜋
෍ 𝛾௫௬(𝑘)𝑒ି௜ఠ௞ ,   0 < 𝜔 < 𝜋

ஶ

௞ୀିஶ

,           (4) 

        
which is called the cross-spectral density between 𝑥௧ 
and 𝑦௧. Specifically,  𝑓௫௫(𝜔) = 𝑓௫(𝜔) and 
𝑓௬௬(𝜔)= 𝑓௬(𝜔) are spectrums for 𝑥௧ and 𝑦௧, 

respectively. Since 𝑓௫௬(𝜔) is a complex function, it can 

be written as 

𝑓௫௬(𝜔) = 𝑐௫௬(𝜔) − 𝑖𝑞௫௬(𝜔),                                (5) 

                 
where 𝑐௫௬(𝜔) and 𝑞௫௬(𝜔) are the real and imaginary 

parts of 𝑓௫௬(𝜔). We can express 𝑓௫௬(𝜔) in the polar 

function 

𝑓௫௬(𝜔) = 𝐴௫௬(𝜔) exp ቀ𝑖𝜑௫௬(𝜔)ቁ,                      (6) 

where 𝐴௫௬(𝜔)=ห𝑓௫௬(𝜔)ห = [𝑐௫௬
ଶ (𝜔) + 𝑞௫௬

ଶ (𝜔)]
భ

మ is the 

cross-amplitude spectrum and ∅௫௬(𝜔) =

𝑡anିଵ ൤
ି௤ೣ೤(ఠ)

௖ೣ೤(ఠ)
൨  is a phase spectrum. The phase 

spectrum diagram represents the phase shift value 

between 𝑥௧ and 𝑦௧ at each frequency. The 𝜔-frequency 
components of 𝑥௧ have a time delay with respect to the 
ω-frequency components of y୲ if phase shift ∅௫௬(𝜔) is 

negative. The ω-frequency components of 𝑥௧  have a 
time advance with respect to the ω-frequency 
components of  𝑦௧ if the phase shift ∅௫௬(𝜔) is positive. 

For a given ∅௫௬(𝜔), the shift in time units is 
∅౮౯(ன)

ఠ
. 

Hence, the actual time delay between 𝑥௧ and y୲ at the 
frequency 𝜔 is equal to [11]: 

τୢ = −
∅୶୷(ω)

𝜔
.                                                       (7) 

                     

 Square of the correlation coefficient between the ω-
frequency components of 𝑥௧  and the ω-frequency 
components of 𝑦௧ at the frequency of 𝜔 is defined as  
[11, 10] 

coh௫௬
ଶ (𝜔) = 

ห𝑓௫௬(𝜔)ห
ଶ

𝑓௫(𝜔)𝑓௬(𝜔)
,     0 ≪ coh௫௬

ଶ (𝜔) ≪ 1,                   (8) 

where 𝑓௫௬(𝜔) is the cross-amplitude spectrum, while 

𝑓௫(𝜔) and 𝑓௬(𝜔) are the amplitude spectrum of the 𝑥௧ 

and 𝑦 ௧ series, respectively. 

 Hence, coh௫௬
ଶ (𝜔) is the square of coherence between 

the 𝜔-frequency component of  𝑥௧ and the 𝜔-frequency 
component of  𝑦௧. Clearly, 0 ≪ coh௫௬

ଶ (𝜔) ≪ 1. A value 

of  coh௫௬
ଶ (𝜔) close to one implies that the 𝜔-frequency 

components of the two series are highly linearly related, 

and a value of coh௫௬
ଶ (𝜔) near the zero implies that 

they are only slightly linearly related.                               

3 Experimental setup  

 IR-T1 is a small research tokamak located at the 
Plasma Physics Research Center. This tokamak is an 
air-core tokamak without a copper shell. The main 
parameters of IR-T1 tokamak are presented in Table 1. 
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Table 1: The main parameters of the IR-T1 tokamak. 

Parameters Value 

Major Radius 

Minor Radius 

Toroidal Magnetic Field 

Plasma Current 

Discharge Time 

Electron Temperature              

      45 Cm 

      12.5 Cm 

      <1.0 T 

      <40 kA 

      <35 ms 

       ≅ 180 eV 

  

 In this research, a combination of Rogowski, cosine, 
and saddle sine coils are utilized to record the signals 
from the displacement of the plasma column. These 
magnetic coils were located on the circular contour 
around the tokamak chamber. The cosine coil consists 
of cosine-L and cosine-R coils. Moreover, the saddle 
sine coil comprised saddle-up and saddle-down coils 
(Figure 1). 𝐵ఛ and 𝐵௡ are respectively the tangential and 
the normal components of the magnetic field induced 
outside the plasma on contour ℓ. Components of 𝐵ఛ and 
𝐵௡ were measured via the voltages supplied by the 
cosine and saddle coils, respectively (Figure 1c). 

 The Rogowski coil is a solenoidal coil whose ends are 
brought around together to form a torus, as illustrated in 
Figure 2. The plasma current (𝐼௣) generates a poloidal 

magnetic field around it and induces a voltage 
proportional to the magnetic field in the Rogowski coil. 
Therefore, by integrating all the induced voltages in the 
Rogowski, cosine, and saddle coils, it is possible to 
figure out information about plasma position in IR-T1 
tokamak. 

 

Figure 1. (a) Schematic diagram of the cosine coils, (b) 
Schematic diagram of the saddle sine coils, (c) Tokamak 
cross-section in toroidal geometry.   

Figure. 2. Schematic diagram of the Rogowski coil in IR-T1 
tokamak. 

 The data acquisition system (DAS) of IR-T1 is a 
collection of software and hardware that transform the 
analog signal into a digital signal. The digitalized data 
is stored with a time interval of 0.5μs as a time series. 

4 Measurement of the time delay between 
signals of tokamak coils 

 
 When the plasma was in the equilibrium state, the 
output signals of the saddle and cosine coils were 
recorded as time series at a time interval of 0-35 ms. 
These time series were the basis of our calculations in 
this research. The cross-spectral analysis of the signals 
was performed with software SPSS and ORIGIN. 

 In this section, we utilized the cross-spectral analysis to 
calculate the time delay between the signals of magnetic 
coils used for measuring the plasma horizontal 
displacement in IR-T1 tokamak. Primarily, the time 
delay between the signals of the cosine coils (cosine-L 
and cosine-R) was calculated. For this purpose, based 
on Eq. (2), the periodogram of the coil signals was 
plotted (Figure 3). As shown in Figures. 3a and 3b, in 
both periodograms of cosine-L and cosine-R coils 
signals, the main peaks appeared at the frequency of 𝜐 =

0.33𝑀𝐻𝑧. The appearance of the main peaks at the 
frequency of 𝜐 = 0.33MHz in both periodograms 
suggested the presence of a high linear correlation 
between them. The value of this correlation was 
calculated via Eq. (8) and its value (cohଶ(𝜔)= 0.95) was 
represented in Figure 3c. The diagram of the phase 
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spectrum shows the phase shift value between two 
signals at the frequency in which the two signals have 
the highest correlation. As shown in Fig. 3d, at the 
frequency of 𝜐 = 0.33𝑀𝐻𝑧, the amount of phase shift 
between the 𝜔-frequency components of cosine-L and 
cosine-R coils signals was ∅େ୭ୱ୧୬ୣ_௅ିେ୭ୱ୧୬ୣ_ோ(𝜔) =

−3.01. The negative value of the phase shift indicated 
that the frequency components of cosine-L coil signals 
had a time delay with respect to the frequency 
components of cosine-R coil signals. By substituting 
this phase shift value in Eq. (7), the time delay between 
the cosine-L and cosine-R signals was calculated as 

τୢ = − ቈ
∅஼௢௦௜௡௘ಽି஼௢௦௜ ೃ

(𝜔)

2𝜋𝜈
቉

=
−(−3.01)

2(3.14)(0.33𝑀𝐻𝑧)
= 1.45 μs. 

 Given that the data is stored in the DAS system with an 
interval of 0.5 μs, it can be said that the difference in 
data recording between the cosine-R and cosine-Lcoils 
is about 3 lags. 

 

Figure 3. For 0 − 35 ms (# shot No. 2017011260); (a) Periodogram 
of cosine-L coil signals, (b) Periodogram of cosine-R coil signals, 
(c) Coherence between signals of cosine-L and cosine-R coils, (d) 
The phase shift values between cosine-L and cosine-R coil signals.  

 Moreover, this method was similarly employed to 
measure the time delay between the saddle-up and 
saddle-down coils signals. As shown in Figures 4a and 
4b, in both periodograms of saddle-up and saddle-down 
coils signals, the main peaks appeared at the frequency 

of 𝜐 = 0.07MHz . The appearance of the main peaks at 
the frequency of 𝜐 = 0.07𝑀𝐻𝑧 in both periodograms 
showed the presence of a high linear correlation 
between them. As shown in Figs. 4c and 4d, the highest 
coherence (cohଶ(𝜔)= 0.98) and phase shift 
(∅ௌ௔ௗௗ௘ି௨௉,   ௌ௔ௗௗ௟௘ିௗ௢௪ (𝜔) = 0.59) between the 

saddle-up and saddle-down coils signals occurred at the 

frequency of 𝜐 = 0.07MHz.   Herein, a positive value 
of the average phase shift indicated that the ω-
frequency components of the saddle-up signals had 
a time advance with respect to the ω-frequency 
components of the saddle-down ones. By 
substituting the average phase shift in Eq. (7), the 
time delay between the saddle-up and saddle-down 
coils was calculated to be τୢ = 1.34 μs. 

Figure 4. For 0 − 35 ms (# shot No. 2017011260): (a) Periodogram 
of saddle-up coil signals, (b) Periodogram of saddle-down coil 
signals, (c) Coherence of saddle-up and saddle-down coil signals, 
(d) The phase shift values between saddle-up and saddle-down coil 
signals. 

 Also, we examined the coherence between the output 
data of the cosine coils without plasma. As shown in 
Figure 5, there is not a significant correlation at the 
frequency υ = 0.33 MHz as it shows that this frequency 
is inducted by plasma fluctuation. 
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Figure 5. No plasma shot, (a) Periodogram of cosine-L coil signals, 
(b) Periodogram of cosine-R signals, (c) Coherence between signals 
of cosine-L and cosine-R coils. 

 

5 Measurement of plasma displacement 
in tokamak 
 
 An 𝑚௧௛ multipole moment in cylindrical coordinates 
(𝑋, ∅, 𝑧) in terms of current density is given by [12] 

𝑌௠ = න 𝐽∅ 𝑓௠𝑑𝑠∅ =
1

𝜇଴𝐼௣
ර[𝑓௠ 𝐵ఛ + (𝑅଴

+ 𝑥)𝑔௠𝐵௡] 𝑑𝑙,                               (9) 

where 𝐽∅ is the toroidal current density, 𝐼௣ is the plasma 

current, while 𝐵ఛ and 𝐵௡ are respectively the tangential 
and the normal components of the magnetic field 
outside the plasma on contour 𝑙 
surrounding 𝑆ఝ (see Figure 7). Features 𝑓௠ and 𝑔௠ are 

weighting factors that satisfy the following differential 
equations 

𝜕ଶ𝑓

𝜕ଶ𝑋
−

1

𝑋

𝜕𝑓

𝜕𝑋
+

𝜕ଶ𝑓

𝜕ଶ𝑧
= 0, 

𝜕𝑔

𝜕𝑧
= −

1

𝑋

𝜕𝑓

𝜕𝑋
,  

𝜕𝑔

𝜕𝑋
= −

1

𝑋

𝜕𝑓

𝜕𝑧
,                                                         (10) 

 
 Zakharov and Shafranov calculated the weighting 
factors for large aspect-ratio tokamak as [12] 

∆𝑅୑୭୲୧୭୬         𝑓଴ = 1, 𝑔଴ = 0, 𝑓ଵ ≅ 𝑥,

𝑔ଵ ≅
𝑧

𝑅
,                                        (11) 

∆𝑧୑୭୲୧୭୬          𝑓଴ = 0,  𝑔଴ = −1, 𝑓ଵ ≅ 𝑧,

𝑔ଵ ≅
𝑥

𝑅
,                                        (12) 

in which ∆𝑅 and ∆𝑧 express horizontal and vertical 
displacements, respectively. 

 The first moment of 𝑌௠ describes the position of the 
plasma while the higher moments provide information 
about the plasma shape at the cylindrical coordinates. 
When 𝑚 = 0, Eq. (9) yields 

𝜇଴𝐼 = ර 𝐵. 𝑑𝑙 ,                                                       (13) 

              
which is the well-known Amper's Law.  

 The relation between two Cartesian coordinate 
systems, one (x,z) centered in plasma while the other 
that is denoted with (ξ,η) centered in contour 𝑙 (see Fig. 
7), are presented as 

 
𝜉 = 𝑥 + Δ𝑅, 𝑅 = 𝑅଴ +  Δ𝑅, 𝜂 = 𝑧 + Δ𝑧,

and 𝑋 = 𝑥 + 𝑅 = 𝜉 + 𝑅଴.        (14) 
 
 By defining the center of the plasma at the point where 
(𝑌ଵ௫ = 𝑌ଵ௭ = 0) and substituting Eqs. (11) and (14) in 
Eq. (9), the plasma horizontal displacement could be 
extracted from the first moment 𝑌ଵ as 

∆𝑅

=
1

𝜇଴𝐼௣
൤ර(𝜉𝐵ఛ + 𝜂𝐵௡)𝑑𝑙

+
1

𝑅଴
൬

1

2
𝜉ଶ𝐵ఛ + 𝜉𝜂𝐵௡𝑑𝑙൰൨.                                 (15) 

 By considering ξ = ρcosωt, η = 𝜌sinωt, and dl =

𝜌dω , the dependencies of fields 𝐵ఛ and 𝐵௡  on the polar 
angle ω can be Fourier transformed as [12] 
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𝐵ఛ =
𝜇଴𝐼௣

2𝜋𝜌
൥1 + ෍ (𝜆௡

௡ୀஶ

௡ୀଵ

𝑐𝑜𝑠 𝑛𝜔

+ 𝛿௡𝑠𝑖𝑛 𝑛𝜔)൩,                            (16) 

𝐵௡ =
𝜇଴𝐼௣

2𝜋𝜌
෍ (𝑢௡

௡ୀஶ

௡ୀଵ

𝑠𝑖𝑛 𝑛𝜔 + 𝑘௡𝑐𝑜𝑠 𝑛𝜔),        (17) 

 
where 𝜔 is the polar angle measured relative to the 
center of the contour 𝑙 in the (𝜂, 𝜉) coordinate system. 
The 𝑘௡ and 𝛿௡  terms are needed for ∆𝑧 motion and the 
𝜆௡ and 𝑢௡ terms are needed for ∆𝑅 motion that is 
investigated in this research. The integrals in Eq. (15) 
have been calculated in [12]. By substituting these 
integrals in Eq. (15), ∆𝑅 will be obtained with 

∆𝑅 =
𝑟௠

2
[𝜆ଵ + 𝜇ଵ] +

𝑟௠
ଶ

4𝑅଴
,                                  (18) 

 
where 𝑟௠ is the radius of the coils on the tokamak 
torus, 𝜆ଵ and 𝜇ଵ are             
                      

𝜆ଵ =
2𝑟௠

𝜇଴𝐼௣
න 𝐵ఛcos𝜔𝑑𝜔, 

and 

𝜇ଵ =
2𝑟௠

𝜇଴𝐼௣
න 𝐵௡sin𝜔𝑑𝜔. 

Accordingly, 

∆𝑅 =

ଶ

𝜇଴𝐼௣
൬න 𝐵ఛcos𝜔𝑑𝜔 + න 𝐵௡sin𝜔𝑑𝜔൰

+
𝑟௠

ଶ

4𝑅଴
,                                          (19) 

where 𝜔 is the polar angle measured relative to the 
center of contour 𝑙 in the (𝜂, 𝜉) coordinate system. The 
components of ∫ 𝐵ఛcos𝜔𝑑𝜔 and ∫ 𝐵௡𝑠𝑖𝑛𝜔𝑑𝜔 were 
measured with voltages supplied by the cosine and 
saddle coils, respectively. Figure 6 depicts the circuit 
used for measuring the voltages supplied by the cosine 
and saddle coils. In this circuit, 𝑉௦(𝑖) and 𝑖(𝑡)  are the 
coaxial cable output signal and current, respectively. 

Figure 6. Block diagram of the circuit for the magnetic coils [13]. 

The application of Kirchhoff’s voltage law for this 
circuit yields the following equation 

𝐿௦

𝑑𝑖(𝑡)

𝑑𝑡
+ (𝑟௦ + 𝑟௖) = 𝑉௜(𝑡),                               (20) 

 
Where 𝑟௦ is probe resistivity, 𝑟௖ the cable resistivity and 
𝐿௖ probe self-inductance. By Solving Eq. 20, we have 
[13]: 

𝑖(𝑡) =
1

𝑟௦ + 𝑟௖
൝
𝑎଴

2
+ ෍ 𝐴௡

ஶ

௡ୀଵ

sin (𝜔௡𝑡

+ 𝜙௡)ൡ.                                         (21) 

Also, in the circuit (6) we have: 

𝑉௦(𝑡) = 𝑟௖𝑖(𝑡).                                                        (22) 

Substituting Eq. (21) in Eq. (22), the coaxial cable 
output signal is given by 

𝑉௦ =
𝑟௖

𝑟௦ + 𝑟௖
൝
𝑎଴

2
+ ෍ 𝐴௡

ஶ

௡ୀଵ

sin (𝜔௡𝑡 + 𝜙௡)ൡ,    (23) 

and, from Eq. (20) we have 

𝑉௦(𝑡) =
𝑟௖

𝑟௦ + 𝑟௖
𝑉௜(𝑡).                                             (24) 

Also the integrator output 𝑉଴ of Figure 6 is given by 
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𝑉଴(𝑡) =
𝑟௖

𝑟௖ + 𝑟௦

1

𝑟ଵ𝐶ଵ
න 𝑉௜(𝑡)𝑑𝑡

= 𝑘 න 𝑉௜(𝑡)𝑑𝑡,                            (25) 

where, 𝑟ଵ𝐶ଵ is the integrator time constant and 𝑘 =
௥೎

௥೎ା௥ೞ

ଵ

௥భ஼భ
. Equation (24) is the input voltage to the 

measurement system, where 𝑉௜ the inductive voltage is 
supplied by each of the coils, which were placed around 
the IR-T1 tokamak vacuum chamber. By using 
Faraday’s law for cosine coil with variable winding 
𝑛(𝜔) = 𝑛଴𝑐𝑜𝑠𝜔, the induced voltage was obtained as 

𝑉௜(𝑡) = 𝑛଴𝑟௠𝐴𝑘 න
𝑑𝐵ఛ

𝑑𝑡
cos𝜔𝑑𝜔.                       (26) 

According to Eq. (25) after integrating Eq. (26) we have  

𝑉଴௖௢௦௜௡௘(𝑡) = 𝑛଴𝑟௠𝐴𝑘 න 𝐵ఛcos𝜔𝑑𝜔.                (27) 

 
Here 𝑛଴ is the number of turns per length, A is the cross-
section of cosine coil, 𝑟௠ is the radius cosine coil. By 
integrating Eq. (27) for each right and left part of the 
cosine coil, we can write 

න 𝐵ఛcos𝜔𝑑𝜔 =
1

𝑟௠𝑛଴𝑘𝐴
[𝑉଴ோେ୭ୱ୧୬ୣ(𝑡)

− 𝑉଴௅େ୭ୱ୧୬ୣ(𝑡)].                           (28) 
 
The saddle coil can be designed with a variable 
with, 𝑑(𝜔) = 𝑑଴sin𝜔, but this design is complicated 
for construction, then we can expand 𝑑(𝜔) according to 
the Fourier expansion [14], as shown in Fig. 1b. 

 

𝑑(𝜔) = ൝
∆଴           𝜃ଵ < 𝜔 < 𝜃ଶ

−∆଴   − 𝜃ଵ < 𝜔 < 𝜃ଶ

0        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒        

, 

where ∆଴ is the width of the saddle coil and  

𝜃ଵ = cosିଵ ൬
𝑎

𝑅଴
−

𝜋

3
൰ , 𝜃ଶ = ൬𝜃ଵ +

2𝜋

3
൰ . 

So 𝑑(𝜔) can be written as  

𝑑(𝜔) =
2∆଴

𝜋
(cos𝜃ଵ − cos𝜃ଶ)sin𝜔 + ⋯ 

After integration from the inductive voltage of the 
saddle coil, we have  

𝑉଴(𝑡) = 𝑁𝑟௠𝑑଴𝑘ᇱ න 𝐵௡sin𝜔𝑑𝜔,                       (29)  

where N is the turn number of saddle coil and 𝑟௠ is the 
radius saddle coil and 𝑑଴ is 

𝑑଴ =
ଶ∆బ

గ
(cosθଵ − cosθଶ). 

So, ∫ 𝐵௡sin𝜔𝑑𝜔 can be obtained by saddle coil, so that 
winding of saddle-up coil is vise versa the saddle-down. 
By integrating Eq. (29) we have 

න 𝐵௡sin𝜔𝑑𝜔 =
1

𝑟௠𝑁𝑘ᇱ𝐴
[𝑉଴௦௔ௗௗ௟௘ି௨௣(𝑡)

− 𝑉଴௦௔ௗௗ௟௘ିௗ௢௪௡(𝑡)],                 (30) 
 
where 𝑟௠ is the radius of the cosine coil, 𝑛଴ is the turns 
per length of cosine coil, A is the cross-section of coils, 
N is the turns of saddle coil, while k and 𝑘ᇱ are 
respectively time constants of integrators as their values 
depend on the characteristics of the circuit (6). By 
substituting Eqs. (28) and (30) in Eq. (19), the plasma 
horizontal displacement in IR-T1 tokamak is obtained 
as 

∆𝑅௠௨௟௧௜௣௢௟௘ =
𝑟௠

𝜇଴𝐼௣𝑛଴𝑘𝐴
[𝑉଴஼௢௦௜௡ೃ

(𝑡)

− 𝑉଴஼௢௦௜ ಽ
(𝑡)] + 

𝑟௠

𝜇଴𝐼௣𝑁𝑘ᇱ𝐴
  

ൣ𝑉଴௦௔ௗௗ௟௘ି௨௣(𝑡) − 𝑉଴௦௔ௗௗ௟௘ିௗ௢௪௡(𝑡)൧ +
𝑟௠

ଶ

4𝑅଴
. (31) 
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Figure7. The geometry is used for the multipole moments method 

 

5 Results and discussion 

 This study was based on the signals obtained from the 
cosine (cosine-R and cosine-L), saddle (saddle-up and 
saddle-down), and Rogowski coils installed on the outer 
surface of the IR-T1 tokamak chamber. The temporal 
profile of the signals obtained from these coils was 
shown in Figure 8. 

 In Section 5, we showed that the plasma horizontal 
displacement was calculated via Eq. (31). The output 
signals of cosine and saddle coils were used in Eq. (31) 
for measuring the plasma horizontal displacement. In 
addition, in Section 4, we calculated a time delay 
between the signals of different parts of cosine and 
saddle coils; that is, 𝜏ௗ = 1.45 μs for cosine coils and 
𝜏ௗ = 1.34 μs for saddle coils. 

 In this section, we investigate the effect of the time 
delay between the signals of coils on the measurement 
of plasma horizontal displacement. To this end, the 
transformations t → t + 1.34 μs and 𝑡 → 𝑡 − 1.45 μs 
were performed on the saddle-down and cosine-L parts 
of Eq. (31), respectively. By performing these 
transformations on Eq. (31), a new equation was 
obtained in which the time delay between coil signals 
was eliminated: 

∆𝑅௠௨௟௧௜௣௢௟௘ =
𝑟௠

𝜇଴𝐼௣𝑛଴𝑘𝐴
[𝑉଴஼௢௦௜௡ೃ

(𝑡)

− 𝑉଴஼௢௦௜ ಽ
(𝑡 − 1.45)]

+ 
𝑟௠

𝜇଴𝐼௣𝑁𝑘ᇱ𝐴
ൣ𝑉଴௦௔ௗௗ௟௘ି௨ (𝑡)

− 𝑉଴௦௔ௗௗ௟௘ିௗ௢௪௡(𝑡 + 1.34)൧

+
𝑟௠

ଶ

4𝑅଴
.                                          (32) 

 Now, we have a modified formula for measuring the 
horizontal displacement of plasma in IR-T1 tokamak. 
When the plasma is in an equilibrium state, in the time 
interval of 0-35 ms, we used Eq. (31) and Eq. (32) to 
measure the plasma horizontal displacement in IR-T1 
tokamak. The results of these measurements were 
demonstrated in Figure 9. As shown in Fig., the red and 
blue lines show the horizontal displacement of the 
plasma which were calculated using Eq. (31) and Eq. 
(32), respectively. At the time interval of 0-35 ms, the 
comparison between the two graphs indicated a 
difference (2.5 mm) between the measurements of 
plasma horizontal displacement. Therefore, the results 
showed that the elimination of time delay between 
magnetic coil signals modified the measurement of 
plasma horizontal displacement in IR-T1 tokamak.  
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Figure 8. The time evolution of (a) cosine-R, (b) cosine-L, (c) 

saddle-up, (d) saddle-down coil signals, and (e) plasma current. 

 

Figure 9. In the time interval of 0-35 ms (# shot No. 2017011260), 
the plasma horizontal displacement was measured using the 
multipole moment method. The red line shows the horizontal 
displacement of the plasma calculated using the original Eq. (22). 
The blue line shows the horizontal displacement of the plasma 
calculated using the optimized Eq. (23).  

5 Conclusions 

 In the current paper, we presented a statistical method 
for measuring the time delay between the signals of 
magnetic coils in order to optimize the plasma 
displacement measurement in IR-T1 tokamak. The 
plasma horizontal displacement was measured using the 
multipole moment method. 

 The combination of cosine and saddle sine coils was 
installed on the outer surface of the IR-T1 tokamak 
chamber to record the signals from the plasma position. 
The results implied a time delay between the signals of 
these magnetic coils, which were 𝜏ௗ = 1.45μs  and 
𝜏ௗ = 1.34μs for cosine and saddle coils, respectively. 

After removing these lag times from the coil signals, a 
modified equation was extracted for calculating the 
horizontal plasma displacement in IR-T1tokamak. 

 The results obtained through the modified equation 
showed that the measurement of plasma horizontal 
displacement was optimized in IR-T1 tokamak. As 
shown in Figure 9, the value of this optimization is 
∆𝑅௠௨௟௧௜௣௢௟௘ = 2.5mm.  
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