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1. Introduction

In quantum mechanics, the Hermitian nature of the Hamiltonian is considered
a fundamental condition in an isolated system, ensuring the conservation of
the probability function and restricting energy to real values. However, it has
been demonstrated that non-Hermitian Hamiltonians with parity-time
symmetry can possess a real energy spectrum while also preserving the
unitarity of time evolution. Many quantum systems, such as non-equilibrium
systems and open systems, involving energy absorption or dissipation, are
described by non-Hermitian Hamiltonians. Although many theorems exist
about the characteristics of equilibrium quantum systems, the dynamical
behavior of out-of-equilibrium systems is far less understood. It is
demonstrated that dynamical free energy is important in determining the non-
equilibrium dynamic signature in dynamical phase transitions. The presence
of singularities in the time evolution of a physical quantity makes the dynamic
behavior of the system interesting. In recent years, dynamical quantum phase
transitions have significantly enhanced our understanding of phase transitions
in non-equilibrium systems. This behavior can occur even in the case of a
single-particle system such as the tight-binding model. The tight-binding
model, despite its simplicity, has extensive applications in solid-state physics;
therefore, investigating its dynamical quantum phase transitions can help us

better understand the behavior of this system in a non-equilibrium state.

2. Methodology
We study the time evolution of the wave function in a one-dimensional tight-
binding lattice with periodic boundary conditions subjected to external DC
and AC electric fields. First, we present the Hamiltonian of the tight-binding
model and the analytical solution of the corresponding time-dependent
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Schrédinger equation. Then, the non-analytical dynamic behavior of the
system is studied by investigating the divergence of dynamical free energy for
three different electric field cases: DC, AC, and DC+AC.

3. Results and Discussion

We demonstrated that when the system is subjected to a static electric field,
an analytical solution allows us to first derive the condition for the existence
of a phase transition and, secondly, predict the critical times of the system's
dynamical phase transition. In the case where the system is driven solely by a
periodic electric field, an analytical determination of all phase transition times
is not feasible, and numerical methods must be employed. However, we
demonstrated how a subset of critical times can still be determined
analytically. In the presence of both static and periodic fields, the relationships
become more complex, and phase transition times can only be identified using
numerical methods and by plotting the dynamical free energy function.
However, in this case, we can still determine certain characteristics of the
dynamical free energy function. Firstly, we demonstrated that the periodicity
of dynamical free energy is identifiable, and the magnitude of the period is
independent of the amplitude of the AC field. Secondly, it can be analytically
demonstrated that dynamical free energy is invariant under time-reversal
transformation.

4. Conclusion

If a one-dimensional tight-binding lattice with periodic boundary conditions
is placed in a constant driving electric field, utilizing analytical solutions,
firstly, the phase transition only occurs when the field strength is weaker than
a boundary value. Secondly, the critical times of the system's dynamical phase
transition can also be analytically predicted. In the presence of a purely
periodic electric field, in addition to numerical methods, some of the critical
times can be determined analytically. When constant and periodic fields, both,
are present, it is possible to show the periodicity of the dynamical free energy
and its invariance under time-reversal transformations.

It is worth noting that system size limitations do not significantly affect the
behavior of dynamic free energy, except for a reduction in the peak heights of
dynamic free energy. However, the presence of disorder can alter the timing
and periodicity of dynamic phase transitions. Additionally, considering that
dynamic phase transitions are defined based on the singularity of dynamic free
energy, which itself corresponds to the overlap between two wave functions,
changes in occupancy number or Fermi energy level are not expected to cause
significant alterations in the results, except for potential shifts in the timing of
dynamical phase transitions.
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